Adaptive pinning synchronization control is studied for a class of fractional-order complex network systems which are constructed depending on small-world network algorithm. Based on the fractional-order stability theory, the suitable adaptive control scheme is designed to guarantee global asymptotic stability of all the nodes in complex network systems and the node selected algorithm is given. In numerical implementation, it is shown that the numerical solution of the fractional-order complex network systems can be obtained by applying an improved version of Adams-Bashforth-Moulton algorithm. Furthermore, simulation results are provided to confirm the validity and synchronization performance of the advocated design methodology.
Introduction
Fractional-order calculus can portray the physical phenomenon more accurately than integer order calculus in actual system. In recent years, the theoretical analysis and applied research of the fractional calculus have attracted many researchers' attentions. Fractional-order calculus has become a hot research topic in dynamic system, and there are many successful applications in engineering field [1] [2] [3] [4] [5] . Some scholars found that the fractional-order nonlinear dynamic system also shows chaotic phenomenon, such as fractional-order Rössler system, fractional-order Liu system, and fractional-order Chen system [6] [7] [8] [9] [10] [11] [12] [13] .
In nature, many complex systems can be described as complex networks. Complex networks consist of nodes and the connecting relations of nodes component. Over the past twenty years, complex networks have been widely studied in various fields such as large-scale circuit networks, power networks, computer networks, communication networks, and automatic control systems [14] [15] [16] . Complex networks have become an important research topic in these years. And many theoretical analyses of the characteristics are studied in the network [17] [18] [19] [20] [21] .
Many synchronization control methods of the integer order nodes in complex networks are studied, such as cluster synchronization, adaptive control synchronization, pinning control synchronization, projective synchronization, robust impulsive synchronization [22] [23] [24] [25] [26] . Because of the superiority of the fractional calculus in the description of physical phenomena, considering fractional-order systems as nodes in complex networks has important theoretical significance. In recent years, some synchronization control methods of fractional-order chaotic systems in complex networks are studied. The adaptive control methods are used in complex networks [27] , the cluster synchronization in complex networks [28] , the robust outer synchronization between two complex networks [29] , and the generalized synchronization of the fractional-order chaos in weighted complex dynamical networks with nonidentical nodes [30] . In this paper, we proposed a novel synchronization theorem for fractionalorder complex networks. Based on the proposed control scheme, the adaptive feedback controllers are designed for pinning control. Theoretical analyses show that the suitable adaptive feedback gains achieved all the nodes synchronized with each other in the complex networks.
Mathematical Problems in Engineering
The rest of this paper is organized as follows. In Section 2, some important preliminaries are introduced for demonstrating the main results in the following sections. In Section 3, an effective adaptive pinning control scheme of the fractionalorder complex networks is studied and the theoretical proof is given. In Section 4, the control scheme is applied to the fractional-order chaotic systems in complex networks, and the simulation results are given to demonstrate the theoretical analysis. Conclusions ended the paper in Section 5.
Model Description and Preliminaries
At present, there are several definitions of the fractional-order differential systems. Two commonly used definitions are Grünwald-Letnikov (GL) definition and Riemann-Liouville (RL) definition.
The best-known RL definition of fractional-order can be expressed as [1] 
where is an integer satisfying − 1 ≤ < and Γ(⋅) is the Γ-function. Considering a general fractional-order nonlinear dynamical system as follows:
where ∈ (∈ ), ∈ × , 0 < ≤ 1.
Lemma 1.
For a given autonomous linear system of fractionalorder system (2) with (0) = 0 , where ( ) ∈ is the state vector, from paper [31] , we know the following. Lemma 2 (see [32, 33] ). For the nonlinear fractional-order system (2) with the order as 0 < ≤ 1, if there exists a real symmetric positive definite matrix satisfying ( ) = ( ) ( ) ≤ 0, where
Consider that the generic dynamical complex networks model consists of coupled identical nodes, and each node is an -dimensional dynamical system. The fractional-order network model is described as follows [34, 35] :
where 
Definition 3.
Where ( ) ∈ is a solution of an isolated node, satisfying
( ) can be an equilibrium point, a periodic orbit, or even a chaotic attractor.
The error vector is defined as
Assumption 4 (see [36] ). Suppose that there exists a nonnegative constant , Γ is a symmetric positive semidefinite matrix, and arbitrary , ∈ , such that
∀ , ∈ .
Lemma 5 (see [37] 
Adaptive Pinning Synchronization
In this section, a novel adaptive pinning control scheme is proposed for the synchronization in complex networks, and this method is proved based on the fractional-order stability theory. The controlled fractional-order complex network model can be described in the following equations: 
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The adaptive pinning controllers and the updating laws are defined as
where > 0 is an arbitrary constant, the complex network realized pinning synchronization based on the above adaptive controllers. Based on the above equations, we can get the error equations as follows: Proof. The error system (10) can realize asymptotic stability at the state ( ) = ( ), denotẽ( ) = ( ) − * , and * is a positive constant which need to be determined.
Further denote ( ) = ( ( ),̃( )) , where
,
Choose the real symmetric positive definite matrix as
We obtain that
where ⊗ is Kronecker product, = + − , and * is large enough to make the < 0, and Γ is a positive semidefinite matrix; it is easy to see that ⊗ Γ ≤ 0. According to the fractional-order stability theory, the system is asymptotically stable. Then the proof is completed.
Proposition 7. If the matrix
+ has nonnegative eigenvalues, and if + − < 0, then the number of nodes to be selected for control cannot be less than .
Proof. By the inequality = + − < 0, we can get < 0, = + − < 0, and the degree of the networks Deg = − , so − Deg − < 0, Deg > ( − )/ ( = 1, . . . , ), Deg > / ( = + 1, . . . , ).
For the above theoretical proof, we can obtain that if the coupling strength is large enough, selecting the arbitrary nodes is satisfied. But when the coupling strength is small, we need to select the small node degree nodes to add the controllers.
Simulation Results
To demonstrate the effectiveness of the proposed approach, the fractional-order Liu chaotic system as node in the complex network systems is applied to construct the network model with 50 nodes based on the NW small-world network algorithm. The controlled nodes in the complex networks can be written as follows:
In order to achieve the synchronization control of the above system, the Adams-Bashforth-Moulton algorithm is applied to the system (14) . Consider the following differential equations:
It is equivalent to the Volterra integral equation as follows [1, 38] :
Here, ℎ = / , = ℎ, = 0, 1, . . . , ∈ , and (16) can be discretized into [9] 
where
The error equation is max =0,1,..., | ( ) − ℎ ( )| = (ℎ ), where = min(2, 1 + ).
Where is the coupling configuration matrix which is generated by the NW small-world algorithm, is the coupling strength, and the inner-coupling term Γ = ( (14) is chaotic [10] . Figure 1 shows the chaotic attractor of the fractional-order Liu system with the order = 0.9.
In the following, we choose = 135, and coupling strength = 12. Select the initial value 1 = 20 × rand, 2 = 20 × rand, and 3 = 20 × rand, where rand ∈ (0, 1) is a random number, and * = 2. When = 20, ( ) − = −11.9644, which is satisfied in ( ) − < − / = −11.25. That is, we need to pin 20 nodes for achieving synchronization in the networks.
The synchronization errors are defined as (10) , and the total synchronization error is defined as
. Control-effort trajectory of error evolutions is shown in Figures 2 and 3 . These figures show that the nodes of the networks are globally asymptotically stable under the pinning adaptive controllers. The evolutions of the pinning feedback gains with (9) are illustrated in Figure 4 .
Conclusions
In this paper, a novel adaptive pinning control scheme is proposed to deal with chaos synchronization for a class of fractional-order complex network systems by employing fractional-order stability theory. Based on this scheme, the new adaptive pinning controllers are designed to realize the synchronization in complex networks and the node selected algorithm is given. In the simulation, the fractional-order Liu chaotic system as nodes for constructing network model and the Adams-Bashforth-Moulton algorithm are applied to the fractional differential equations of Liu chaotic system in the networks. The suitable adaptive feedback control gain adding to the pinned nodes for achieving all the nodes synchronized with each other in the complex networks. 
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